Given a curvilinear geometric object in R 3 , made up of properly-joined parametric patches de ned in terms of control points, it is of interest to know under what conditions the object will retain its original topological form when the control points are perturbed. For example, the patches might be triangular B ezier surface patches, and the geometric object may represent the boundary of a solid in a solid-modeling application. In this paper we give su cient conditions guaranteeing that topological form is preserved by an ambient isotopy. The main conditions to be satis ed are that the original object should be continuously perturbed in a way that introduces no self-intersections of any patch, and such that the patches remain properly joined. The results apply directly to most surface modeling schemes, and they are of interest in several areas of application.
Introduction
Many problems in computational geometry involve the notion of equivalent topological form. For example, this concept is an intrinsic part of the formulation of triangulation, where a frequently used de nition of sameness of topological form is that of homeomorphism 1, Sec. 1.1]. This de nition is also implicit in the problems of graph isomorphism 2, p. 10] and congruence of point sets 3]. Similarly, the concept of equivalent topological form is used in many application elds of computational geometry. In particular, it is used in computer graphics 4, 5] , robotics 6, p. 95], image processing 7, 8, 9] , computer aided geometry design (CAGD) 10] , and solid modeling 11, p. 110] . It is the last two of the mentioned application elds that provide the primary motivation for this paper. Other elds that use the concept of equivalent topological form are tolerancing and metrology, engineering design, and nite-element analysis; references illustrating such use, in each of these elds, are given in 12].
As observed in 12], the idea that we are willing to accept variation in a geometric object, but that we insist that it should retain its original topological form, has powerful intuitive appeal. The idea is often used only in an intuitive way, but rigorous de nitions, which vary depending upon the application, have also been introduced: for example, homotopies 1, 6] and homeomorphisms 1]. In the context of solid modeling and CAGD, a stringent (but, as we will show, practicable) requirement, for acceptance of two geometrical objects as topologically equivalent, is that they should be linked by an ambient isotopy in R 3 . In this paper we show that in order to guarantee that an original and a perturbed curvilinear simplicial complex are linked by an ambient isotopy, it is almost su cient to assume that the patches forming the complex are, and under some continuous transformation remain, properly joined and non-self-intersecting. (This is a very general result which can easily be applied in many situations occurring in applications; for example, in the special case of complexes made up of triangular B ezier patches, su cient conditions for the assumption to be satis ed are given in 13] .)
The organization of the paper is as follows. In Section 2 we de ne ambient isotopy. In Section 3, we state the main result, and in Section 4, we give its proof. Following these sections are the conclusion, and an appendix giving certain auxiliary results.
Curvilinear simplexes and ambient isotopy
Suppose that we are given a nite curvilinear simplicial complex K = N i=1 S i in R 3 14, p. 202], where each S i is a two-dimensional patch de ned in terms of certain control points. For example, S i might be a B ezier, B-spline or NURBS (Non-Uniform Rational B-spline) surface patch de ned in R duces new objects that are similar according to a much more stringent condition, namely, ambient isotopy, which informally means that there is an elastic motion of the ambient space R 3 that moves one object into a position congruent to the other 16, p. 42 ]. An intuitive illustration of this condition can be given, as follows 12]. Imagine that the object is made of red putty, and that the rest of R 3 is lled with black putty; if the object and the surrounding space are elastically deformed, with no ripping or cutting of the boundary of the object, and without introducing new self-intersections of the boundary, then the modi ed object (the deformed red putty) has the same topological form as the original. Thus, a cube might be transformed into a solid spherical ball, but if the original and perturbed objects are to be of the same topological form, then two disjoint rings cannot become interlinked 4, Figure 1 ], a torus cannot become a torus with a knot in it, and a trefoil knot cannot change orientation 14, p. 174]. The possibilities precluded in the conclusion of the previous sentence would be permitted if topological equivalence were de ned merely by a homeomorphism between the original and perturbed object.
We now give the formal de nition of an ambient isotopy.
De nition 2. We will show below that the natural assumption, that the patches forming the complex K(t) are properly joined and non-self-intersecting for t 2 0; 1], is almost su cient to guarantee that K(0) and K(t) are linked by an ambient isotopy. Thus, we can summarize the main result of the paper in the following way. Suppose that a curvilinear geometric object is perturbed in such a way that the modi ed object is (for each value of the parameter t) related to the original by a homeomorphism. Then, it turns out that the perturbed object is usually linked to the original object by an ambient isotopy. The stronger equivalence is achieved almost without cost, in the sense that only very weak additional hypotheses are needed to obtain it.
Equivalence of curvilinear simplicial complexes
Suppose that there is a one parameter family of homeomorphisms, depending continuously on the parameter, carrying K(0) onto K(t) and S i (0) onto S i (t) for all parameter values t. Then it is necessary that for each t the perturbation should introduce no self-intersections of the complex. If we assume that the patches S i (0) are properly joined and that the patches S i (0) themselves do not self-intersect, then this means that these conditions should remain satis ed as we vary the parameter t in 0; 1]. In this paper, we show that under weak additional hypotheses (contained in Assumption 2 below), the requirement that these two conditions remain satis ed is in fact su cient to guarantee the existence of an ambient isotopy between K(0) and K(t). Thus, our task can be broken into two steps:
1. nd su cient conditions guaranteeing that the patches S i (t) are properly joined and do not self-intersect, and 2. show that the conditions, that the patches S i (t) are properly joined and do not self-intersect, together with the additional hypotheses, guarantee the existence of an ambient isotopy.
The rst of these steps depends heavily on the particular form of curvilinear patches used. In 13] we have given su cient conditions corresponding to Step 1 in the particular case where each S i (t) is a triangular B ezier patch, and where the perturbation of the patch results from perturbation of its control points. In this paper we give a theorem which accomplishes Step 2 in almost complete generality.
We will now describe these ideas more formally, and be more speci c about the additional hypotheses mentioned above.
Let . We will assume that the mapping X is in C 2 ( T ), and for each , we will denote the mapping from into R 3 by X( ). The 3 2 Jacobian of X( ) is denoted by A( ) and its value at a point P = (u; v) 2 T by A( ; u; v) or A( ; P). Note that, for triangular parameter domains, X( ) may be considered as a function of the barycentric coordinates for (u; v) with respect to the corner points of T , so that the surface patch is independent of the particular choice of the triangle T in parameter space. In many applications it is convenient to choose di erent domains T i for di erent surface patches. This introduces no essential changes in the proof: we have used T throughout, for simplicity. Now consider a nite collection, S( i ), 1 i N of surface patches. We introduce the following notation.
For each i the control-point vector i is a function i = i (t) of a parameter t 2 0; 1], with i (t) 2 for all t. Subsequently we will denote the surface patches S( i (t)) by S i (t), the mappings X( i (t); u; v) or X( i (t); P) by X i (t; u; v) or X i (t; P) and the Jacobians (with respect to (u; v)) A( i (t); u; v) or A( i (t); P) by A i (t; u; v) or A i (t; P).
We will now introduce a de nition, and make the following assumptions.
De nition 3.1 Assuming that the patches are properly joined, we say that two adjacent patches S i (t) and S j (t) are nontangential if for any two regular curves in S i (t) and S j (t) emanating from an arbitrary point P 2 S i (t) \ S j (t), their tangent vectors at the point P are not parallel and identically directed, unless the patches intersect along a common curve and the tangent vectors are both parallel to the tangent vector of S i (t) \ S j (t) at the point P. for all P 2 T and all t 2 0; 1]. Finally, any two adjacent patches, S i (t) and S j (t) are nontangential for all t.
We now state the main theorem, which is proved in Section 4. Theorem 3.1 Under assumptions 1 and 2, the sets K(t) are linked by an ambient isotopy.
Although the proof of Theorem 3.1 is deferred until Section 4, some comments are in order here. First of all, Assumption 1 can be replaced by the weaker condition that i (t) is only a continuous function of t: we have assumed continuous di erentiability in order to simplify the proofs. Verifying Assumption 2 (see for example 13]) corresponds to Step 1, mentioned at the beginning of this section; in particular, this assumption excludes the case of a cusp formed by two adjacent patches. Assumption 2 implies that the complexes K(t) are homeomorphic for 4 The 3 2 Jacobian is non-singular if it is of full rank. all t 2 0; 1], but it is much more di cult to establish that they are linked by an ambient isotopy.
We also state a corollary to the theorem above. 
Main lemma
We now give the main lemma. To establish the notation, consider the mappings f t : K(0) ! K(t) de c. p(s) and q(s) in disjoint patches: p(s) 2 S i (s), q(s) 2 S j (s), S i (s) \ S j (s) = ;.
Case a: With the previous notation we may write, for some i, p(s) = X i (s; P 1 ); q(s) = X i (s; P 0 ); p(t) = X i (t; P 1 ); q(t) = X i (t; P 0 );
with P 1 and P 0 2 T . Then l t;s (p(s)) ? l t;s (q(s)) = p(t) ? p(s) ? (q(t) ? q(s)) = X i (t; P 1 ) ? X i (s; P 1 ) ? (X i (t; P 0 ) ? X i (s; P 0 )) = X i (t; P 1 ) ? X i (t; P 0 ) ? (X i (s; P 1 ) ? X i (s; P 0 )) = G(t; P 0 ; P 1 ) ? G(s; P 0 ; P 1 )
where we have introduced the vector-valued function G(t; P 0 ; P 1 ) = X i (t; P 1 ) ? X i (t; P 0 ): 
Proof of Theorem 3.1
It su ces to prove that K(1) is linked by an ambient isotopy to K(0). Let 2 (0; 1) be given. Consider a subdivision 0 = t 0 < t 1 < : : : < t i < t i+1 < : : : < t M = 1 of the interval 0; 1]. We introduce the shorter notation l i = l t i+1 ;t i ; f i = f t i+1 ;t i ; and f = f 1;0 : In order to prove Corollary 3.1, we need only rede ne the previous mappings f t;s and l t;s so that they are equal to the the identity and the null-function respectively on the complement of O, and make a corresponding modi cation of the proof of Lemma 4.1.
Conclusion
In this paper we have provided su cient conditions that a perturbation of a given object, which is the union of properly-joined two-dimensional curvilinear simplexes in R 3 , retains its topological form, i.e., that there exists an ambient isotopy linking the original and perturbed objects. The conditions essentially require that the original object should be continuously perturbed into its new position in such a way that no self-intersections or extraneous intersections are introduced, and in particular, adjacent patches remain nontangential. is given, there exists a constant 1 > 0 with the following property. For any point X = X i (t; P i ) = X j (t; P j ) 2 S i (t) \S j (t), any vectors e j , e j pointing from P i and P j respectively into T or along the boundary of T and satisfying the inequality je i g i j + je j g j j 2 fke i k + ke j kg (1) and for all t 2 0; 1], the following inequality is valid:
kA i (t; P i )e i ? A j (t; P j )e j k 1 fkA i (t; P i )e i k + kA j (t; P j )e j kg : (2) Next consider the case when ? i and ? j are both vertex points, ? i = fP i g, and ? j = fP j g in T . Then for some constant 1 > 0 the inequality (2) is valid for all vectors e i and e j pointing from ? i and ? j into T .
The next lemma is a reformulation of the geometric property that two adjacent patches are nontangential with disjoint interiors. Lemma 6.5 There exists a constant > 0 such that (for adjacent patches) kX i (t; P i ) ? X j (t; P j )k minfkX i (t; P i ) ? Xk + kX j (t; P j ) ? Xk : X 2 S i (t) \ S j (t)g for all P i , P j 2 T , and all t 2 0; 1].
